A model is presented for a one-dimensional laminar premixed flame, propagating into a rich, off-stoichiometric, fresh homogenous mixture of water-in-fuel emulsion spray, with air and inert gas. The main purpose is to investigate the steady-state burning velocity and burnt temperature as functions of parameters such as initial water content in the emulsified droplet and total liquid droplet loading. In particular the influence of microexplosion of the spray's droplets on the flame's characteristics will be highlighted for the first time.
Introduction
It is common knowledge that tremendous effort is currently being invested in the search for viable biofuel blends for combustion engineering in an effort to reduce harmful NOx and PM emissions to the atmosphere. This effort has been spurred on by increasingly stringent international protocols governing the restricted emission of harmful pollutants to the atmosphere (see, for example, [1] ). In practical terms, biofuel blends must be created to be fit for utilization in existing combustors (such as jet engines, for example) thereby circumventing the need to perform expensive modifications to current combustors or, more critically, to designing new suitable combustors. Of the many ideas being considered to attempt to meet the strict standards dictated by protocols is the use of water-in-fuel emulsions. Consideration of water-in-fuel emulsion (hereinafter referred to as WIFE) droplets for combustion involves understanding a number of aspects of the physical behavior of these droplets as they evaporate, in terms of processes occurring within the droplet and their impact on the immediate vicinity outside the droplet. As will be described it is these processes that are responsible for the benefits that the droplets potentially possess, which may be advantageously harnessed under appropriate operating conditions. Kadota and Yamasaki [2] appear to be the first authors to present a review dedicated to theoretical and experimental research on water fuel emulsion combustion until the year 2002. Subsequently, in 2014, Khan et al. [3] reviewed current trends in water-in-diesel emulsion as a fuel. Their paper focuses exclusively on experimental studies that were carried out to investigate the physics of both NOx and particulate reduction and the phenomenon of micro-explosion that may occur under appropriate operating conditions in WIFE (see later). In addition, there is a discussion of research into the actual influence of water-in-diesel emulsions on engine performance for a wide range of engine types and loading conditions. It is of interest to note that, due to the variety of engine set-ups and experimental methodologies employed, results reported in the literature were not consistent. However, generally, a water content of between 5-40% by volume was successfully utilized. Although there was a consensus concerning the ability of the water-in-fuel emulsions to reduce NOx and particulate production the reported extent of the reduction was far from uniform. The first models of emulsified water/oil droplets appeared in 1977 [4, 5] . Jacques [4] solved numerically a heat transfer model containing essential elements of the underlying behavior of the transient heating of a single emulsified fuel droplet. His main concern was to try to quantify the primary effect of the water in the droplet. Attention was particularly focused on attempting to replicate the experimentally observed reduction of particulate formation by the water's presence based on the premise suggested by Shyu et al. [6] that, for waterless fuel droplets, this occurs during latter stages of heavy fuel oil combustion as a result of cracking of liquid phase hydrocarbons within the droplet at temperatures above 700K. The addition of water was shown to act as an extra source for heat loss thereby lowering the temperature within the droplet so that the extent of cracking reactions (and, therefore, subsequent formation of particulates) was reduced. Micro-explosions seem to have been first reported in 1965 [7] . Experimental studies showed that combustion of compound droplets with different volatile fluids may be accompanied by violent explosion of the droplets. As the temperature increases, the higher volatile fluid, which is strategically located at the core, will evaporate sooner in the form of a bubble. The fast expansion of the gas at the core will result in partial or full disintegration of the parent droplet and it is this behavior that is called a micro-explosion. A similar occurrence called puffing happens when the nucleation bubble ruptures the parent droplet along with fine steams of tiny droplets. This happens when the bubble expands very rapidly and tears through the host droplet at a specific location. These phenomena are very important to combustion because they provide a secondary mechanism of atomization by breaking down large droplets into a smaller, faster evaporating form. Since the fuel combusts in gaseous form only, microexplosions help more fuel to change phase from liquid to gas, thereby improving the efficiency of fuel consumption . One of the most important factors promoting the occurrences of micro-explosions is the superheat limit. Superheated liquid is defined as a fluid at extremely high temperatures -well above the boiling point, and thus occurs mainly when the working fluid undergoes a significant increase in pressure (Fu et al [8] ). Since pressure is the main mechanism for controlling the boiling point of the fluid, micro-explosions could have major application in diesel engines, where the pressure is already designed to be extremely high (Law [5, 9, 10] ). This phenomenon has a greater effect on heavier components (Fu et al [8] ), such as fuel versus water, which means that a fuel shell will have higher tolerance to evaporation than water and it will allow more pressure to build up inside the emulsion droplet, promoting stronger micro-explosions. In [10] , Law and Wang experimented with micro-explosions under different pressures, and showed an agreement with their previous mathematical theory. They theorized that increasing the pressure will enhance the occurrences of micro-explosions, and demonstrated this it up to 5 atmospheres. Shinjo et al [11] described the detailed physics behind micro-explosions and puffing using numerical simulations to solve several problems such as the dynamics of the surfaces between emulsion droplet's fluids. The process of puffing begins with the growth of a single bubble between the water and fuel surfaces until it bursts. The outcome of the puffing depends on the following three mechanisms: (1) oscillation of the emulsified water droplet, (2) thrust created by the jet of vapor when the water boils, and (3) inertia of the bubble when it bursts -or in other words, the smaller the water content within the droplet is, the more effective the burst will be at detaching the water from the oil shell. On the other hand, if the water sub-droplet is large, the force applied by water vapor ejected from the emulsion droplet will push the water sub-droplet further within the oil shell -causing an increase in the effectiveness of the secondary atomization, but also the breakup time period. Since effective micro-explosions can improve fuel efficiency, a discussion of the increased time period is warranted. Tarlet et al [12] experimentally found that increasing either the water content or the droplet radius would promote longer micro-explosion delays. This concurs with the theoretical work of Shinjo et al [11] , with respect to the addition of water content. Tarlet et al [12] also found that shorter micro-explosions delays occur when the ambient temperature and the relative velocity are higher, as well as an increase in the liquid content. He validated these conclusions with 27 different experiments under different conditions that would either promote or suppress the onset of micro-explosions. Finally, we mention a very recent theoretical study by Girin [13] which provides a solid analytical/theoretical foundation to the understanding of micro-explosions, as well as predicting the resulting number and size of the smaller fuel droplets that are formed. Due to the complexity involved in modeling WIFE spray combustion under conditions in which micro-explosions take place, all theoretical studies we are aware of have only been concerned with the sequential evaporation of the fuel outer "shell" followed by the evaporation of the water inner "core". Thus, in a series of papers Hsuan et al [14] , Hsuan and Lin [15, 16] and Hou et al [17] considered WIFE spray flames. The mathematical analysis presented by these authors related to both fuel rich and fuel lean flames and took account of the fact that the major effect of the water evaporation was as a heat sink due to the heat loss incurred as the water absorbed heat for evaporation. Actually, such heat loss is also present when the outer fuel layer evaporates but the latent heat of evaporation of water is typically much larger than that of hydrocarbon fuels. For example, for n-octane it is of the order of 300kJ/kg in comparison to 2254 kJ/kg for water. This discrepancy can have a strong effect on the laminar flame speed, depending on the relative amount of water in the droplets and the location of onset of pure water evaporation. With the respect to the latter both possible scenarios were examined (i.e. pre-and post-flame front water evaporation) combined with the nature of the fuel evaporation (completely before the flame front or only partially so). The methodology used was based on Lin et al's [18] analysis of fuel spray combustion which made use of asymptotic methods for finding the flame structure and an expression for the burning velocity. Critical conditions for flame extinction and propagation were determined as a function of the initial water content in the droplets. An allied study, motivated by the behavior of emulsion explosives made up of a mixture of a fuel and an ammonium nitrate-water solution, was conducted by Hughes et al. [19] . A one-dimensional theoretical model was solved numerically to examine combustion waves driven by competing exothermic and endothermic reactions in the presence of water evaporation. A rich variety of influences of the water content on the flame propagation and its stability were noted, mainly because of its impact on the temperature and thereby on the fraction of ammonium nitrate consumed by the competing exothermic and endothermic reactions. Interestingly, the water evaporation was treated as a first-order chemical reaction with a specially constructed rate coefficient. However, once again, micro-explosions were not accounted for. In the current work we describe a preliminary model of the behavior of a laminar off-stoichiometric water-in-fuel emulsion spray flame. We present for the first time a simplified theory for the steady state propagation of such flames and incorporate the overall effect of micro-explosions in the model. The governing equations are solved analytically and a formula for the burning velocity of the flame is derived which highlights the influence of the relative amount of water to liquid fuel in the sprays droplets and the impact of droplet micro-explosions. The model and governing equations Assumptions We consider a laminar one-dimensional premixed flame propagating into a fuel rich off-stoichiometric fresh homogeneous mixture of fuel vapor, water-in-fuel emulsion droplets, oxygen and an inert gas. The flame is taken to propagate from right to left. The droplets are viewed from a far-field vantage point, i.e. their average velocity is equal to that of their host environment. For qualitative purposes this approach has been demonstrated to be quite valid [20] . The temperature of the droplets is taken to be that of the surroundings until the fuel's boiling temperature is reached; essentially the droplets heat-up time is small compared to the characteristic time associated with their motion. The initial ratio of the amount of water to the amount of liquid fuel in the droplets is assumed to be constant irrespective of the size of the droplets. Droplet evaporation is assumed negligible until a prescribed reference temperature (such as the boiling temperature of the liquid fuel) is attained at which point the fuel begins to evaporate at a finite rate. In the meantime, there is a buildup of water vapor within the compound droplets as the liquid water evaporates until conditions are attained for which the water vapor erupts through the outer layer of evaporating fuel thereby shattering the liquid fuel into smaller fuel-only droplets which, of course, continue to evaporate. The stoichiometry of the gas mixture that the flame front meets is taken to be fuel rich, so that the limiting reactant consumed by chemical reaction is oxygen. It is assumed that the various transport coefficients, such as thermal conductivity, diffusion coefficient, specific heat at constant pressure, latent heat of vaporization of the droplets etc., can be satisfactorily specified by representative constant values. An overall reaction of the form is taken to describe the chemistry. However, in this way the water vapor does not participate in the chemical reaction. Nevertheless, neutralizing the role of chemical effects associated with water vapor by utilizing a one-step chemical reaction is not unreasonable at a first attempt, as it was found ] 21 [ that evaporated water vapor has less than a 10% effect on flame extinction conditions whereas thermal effects, that are included in our model, influence them significantly As the velocity of propagation of the flame is much less than the velocity of sound, dynamic compressibility effects in the mixture can be neglected. Thus, the density becomes only a function of the temperature through the gas law. A realistic polydisperse spray can be described using the sectional method [22] in which the droplet sizedistribution is divided into sections (or bins) and conservation equations are derived for the liquid fuel in each section allowing for droplet evaporation from a given section, say j, and addition to that section as droplets evaporate in the next section up and become eligible for membership in j. For simplicity at the current stage we assume a mono-sectional description of the spray's droplets. Droplet evaporation is assumed negligible until a prescribed reference temperature v T (such as the boiling temperature of the liquid fuel) is attained. The pre-vaporization region will be denoted: 
Governing equations
Under the aforementioned assumptions the governing equations for the gas-phase describe energy and oxygen mass fraction conservation: 
in which, following the sectional approach to spray modelling [22] :
where f C and W C are evaporation Damkohler numbers. In Eqs. (6a) and (6b) use is made of the Heaviside function H to define the regions in which the expressions it multiplies apply. Thus, in Eq.(6a) the first term on the right hand side is applicable once the fuel starts to evaporate through to the point e ξ ξ = − where the microexplosion occurs. From that point onwards the rate of evaporation of the fuel is increased by a factor of f due to the shattering of the droplets by the micro-explosion. Incorporating a result of Girin's micro-explosion theory [13] within the framework of the sectional approach to spray modelling, an expression for this factor can be shown to be
where α is the initial ratio of water to liquid fuel in the spray's droplets. As mentioned previously this ratio is assumed to be the same for all the droplets initially in the spray. In what may be considered as the current first order model the sudden micro-explosion at e ξ ξ = − simply results in the same amount of remaining fuel instantaneously changing its rate of evaporation. Other features of the occurrence of a micro-explosion, such as complete droplet rupturing puffing [11] and the spatial location of the new sized droplets, are not accounted for at the current stage. The evaporation of the water is assumed to occur within the original compound droplets and the micro-explosion releases all water vapor instantaneously at e ξ ξ = − so that W C → ∞ . This fact will express itself via the matching conditions between regions 2 R and 3 R .
To close this mathematical formulation boundary and matching conditions are required. These are readily shown to be
where the subscript u denotes unburned conditions. Solution The solution to the afore-defined problem is readily developed using known asymptotic methods, and is found to be In 1 R :
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In 3 R :
In 4 R :
The locations of the onset of evaporation and the micro-explosion are determined according to predefined temperatures and can be readily found to be:
The burning velocity is determined to be:
in which a T is the adiabatic flame temperature, λ is the thermal conductivity of the gas mixture, R is the gas constant, E , A are the activation energy and pre-exponential coefficient of the global chemical reaction and ! δ = 0 ) and the premixture is purely gaseous the expression for the flame propagation velocity collapses to that for a gaseous flame (see, e.g. Buckmaster and Ludford [23] ). If there is no water present in the droplets (i.e. α = 0 ) the formula reduces to that of Greenberg et al. [24] in the limit of infinite and finite vaporization rate. The second and third terms in the exponential represent the contributions to reducing the burning velocity (relative to that of a purely gaseous flame) due to evaporation of the liquid fuel and the water, respectively.
Results and discussion
By specifying the initial fraction of liquid in the total fuel and water (vapor +liquid) in the fresh mixture, and the initial ratio of water to liquid in the droplets, , it can be shown that the mass fractions in the fresh mixture are given by the following expressions:
(21)
(23)
where is the mole fraction of oxygen in the fresh mixture, is the stoichiometric coefficient and is the equivalence ratio. Here, is taken as 2 and =3.5.
Other data used was as follows (unless otherwise specified):
, ! = 1255.92
In Figure 1 we illustrate the major effect the micro-explosion has on the burning velocity. The burning velocity is plotted against the total initial liquid mass fraction (i.e. water+liquid fuel). Three different initial water content fractions are considered. Curves are drawn accounting for the occurrence of micro-explosions (the solid lines) and for the cases when no micro-explosion is accounted for (the broken lines) for comparison. The impact of the microexplosion is very pronounced, reducing the burning velocity by a factor of almost 43% at the most, when no fuel vapor is initially present in the fresh mixture. This factor decreases as less liquid is replaced by pre-vaporized fuel. In addition, it is seen that the more water initially present in the spray's droplets the greater the impact in reducing the burning velocity. This is evidently due to the greater heat absorbed by the water for the sudden evaporation at the point of the micro-explosion which, in turn, reduces the temperature and thereby the propagation velocity. This effect is likely play a critical role in the stability (and extinction of these flames). The combined effect of volumetric heat loss and liquid fuel evaporation heat loss on flame extinction was addressed in [25] and compared to the case of volumetric heat loss alone [26] . However, an analysis of these features in the current context is beyond the scope of the current paper. In Figure 2 the influence of the micro-explosion parameter f on the flame temperature is illustrated for different initial liquid mass fractions. Recall that the factor f depends on the initial fraction of water in the droplets (Eq. (8)).
It is important to note that the flame temperature depends amongst others on both droplet loading and the water content. Thus, when there are no droplets present the top portion of the graph is unchanged with no heat loss accrued. As liquid droplets are introduced the effect that the water content α has on the temperature comes to the
Since f is a function of alpha, the more water in the droplets the larger f becomes with the consequent microexplosion producing smaller droplets which evaporate more rapidly thereby focusing heat loss due to the absorption of heat by the rapidly evaporating fuel droplets. This yields lower temperatures. In Figure 3 the effect of the micro-explosions on the behavior of the liquid fuel mass fraction is drawn. The upper curve is for the case when no water is present in the sprays droplets so that they are comprised of liquid fuel only. For the data considered here this spray evaporates fairly slowly and droplets actually traverse the flame front, which is located at 0 ξ = . The lower curve illustrates the behavior when micro-explosions occur at about The influence of the micro-explosions is dramatic, with the smaller droplets produced evaporating very quickly. In contrast to the purely liquid fuel spray, the water-in-fuel spray considered here are completely evaporated upstream of the flame front. Nevertheless, as shown above, the price paid for the premature fuel evaporation is a drastic loss in the flame temperature which may, of course, be detrimental in terms of combustion efficiency. It would seem that micro-explosions are likely to be more efficient in near stoichiometric or fuel lean mixtures for which the prematurely produced fuel vapor is actively involved in the combustion at the flame front. Such a situation is precluded here as the mixture is off-stoichiometric and fuel rich so that the limiting reactant accounted for in the global chemical reaction assumed is the oxidant. Conclusions A simple model of water-in-fuel laminar spray flame propagation was presented for the first time, including the influence of micro-explosions. The analytical solutions provide insight into the essential processes competing in such combustion. For the fuel-rich off-stoichiometric flames considered it was found that the micro-explosions are effective in enhancing the rapid production of fuel vapour but are rather disadvantageous in terms of lowering the flame temperature and burning velocity. The latter effects are likely to impinge directly on the stability and/or extinction of such flames -an issue that is the subject of ongoing research. The primary advantage of microexplosions is likely to be prominent in lean and near-stoichiometric mixtures. Work in this direction will be reported on in the future.
